We consider the direct electromagnetic scattering problem of time-harmonic obliquely incident waves by a infinitely long, homogeneous and doubly-connected cylinder in three dimensions. We apply a hybrid integral equation method (combination of the direct and indirect methods) and we transform the scattering problem to a system of singular and hypersingular integral equations. The well-posedness of the corresponding problem is proven. We use trigonometric polynomial approximations and we solve the system of the discretized integral operators by a collocation method.
Introduction
The scattering problem of electromagnetic waves by a penetrable medium generates theoretical and numerical questions. Even if it is the direct (given the medium, compute the scattered wave) or the inverse (recover the medium from the far-field pattern) problem, the main and first question to ask is that of the unique solvability. Numerically, both problems can be solved using similar techniques but the nonlinearity and the ill-posedness of the inverse problem have to be taken into account. For a review on scattering theory for solving direct and inverse problems, we refer to the books [2, 7, 8, 14] .
Since we use electromagnetic waves as incident fields the mathematical model is based on Maxwell's equations and the transmission conditions describe the continuity of the tangential components of the electric and magnetic fields. The three-dimensional problem can, however, be reduced to simpler problems for the Helmholtz equation given some assumptions on the incident illumination and the optical properties of the medium.
We specify the medium to be a infinitely long, penetrable cylinder embedded in a homogeneous dielectric medium. The incoming electromagnetic wave is a time-harmonic plane wave at oblique incidence (transverse magnetic polarized). This problem has been considered by many researchers from different fields because of its applications in industry and medical imaging, see for instance [10, 19, 22, 23] . From a mathematical point of view, this scattering problem has also attracted considerable attention. Many methods have been considered for the numerical solution of this problem, see [4, 24, 25, 27] , but only recently the well-posedness of the direct problem has been addressed [11, 21, 26] .
In this work we extend the results of [11] to the case of a doubly-connected cylinder. The interior simply connected domain is a perfect electric conductor. This setup is motivated by the analysis of the behavior of antennas and tubes. We consider the Leontovich impedance boundary condition on the inner boundary together with transmission conditions on the outer boundary. Following [26] , we see that the three-dimensional scattering problem is reduced to a system of four two-dimensional Helmholtz equations for the interior and the exterior electric and magnetic fields. The complication of the problem lies in the reformulated boundary conditions where the tangential derivatives of the fields appear.
We consider a hybrid integral equation method [15] , meaning a combination of the direct (Green's formulas) and the indirect (single-layer ansatz) methods. The method of boundary integral equations has been considered for solving both direct and inverse scattering problems in different regimes. For some recent applications we refer to [1, 3, 5, 6, 12, 13, 26] . We transform the direct problem to a system of singular and hypersingular integral equations. This system is of Fredholm type (uniqueness of solution) and the Fredholm alternative theorem gives existence. We use the collocation method to solve numerically the system of integral equations and we consider the Maue's formula for reducing the hypersingularity of the normal derivative of the double-layer potential [16, 18] .
The paper is organized as follows: In section 2 we formulate the direct scattering problem and we gather the necessary equations and boundary conditions. The existence and uniqueness of solutions, using Green's formulas and the integral equation method, are proved in section 3. In the last section we present numerical examples with analytic solutions that justify the applicability of the proposed scheme.
Formulation of the problem
In this work we consider the scattering of a time-harmonic electromagnetic wave by an infinitely long, penetrable and doubly-connected cylinder in three dimensions. We assume that the cylinder Ω int ⊂ R 3 is oriented parallel to the z−axis and that it is homogeneous, meaning its properties are described by the constant electric permittivity 1 and the magnetic permeability µ 1 . The exterior domain Ω ext := R 3 \ Ω int is characterized equivalently by the constant coefficients 0 and µ 0 . The smooth boundary ∂Ω of the cylinder consists of two disjoint surfaces ∂Ω 1 and ∂Ω 0 such that ∂Ω = ∂Ω 1 ∪ ∂Ω 0 , and ∂Ω 1 ∩ ∂Ω 0 = ∅. We assume that ∂Ω 1 is contained in the interior of ∂Ω 0 .
We define the exterior electric and magnetic fields E ext , H ext : Ω ext → C 3 , respectively and the interior fields E int , H int : Ω int → C 3 , which satisfy the system of Maxwell's equations
where ω > 0 is the frequency. We impose transmission conditions on the outer boundary Figure 1 . The geometry of the electromagnetic scattering problem in R 3 for a doubly-connected cylinder oriented parallel to the z−axis (left). The horizontal cross section at the plane z = 0 and the notation used in the two-dimensional problem (right). and the Leontovich impedance boundary condition on the inner boundary
Here n is the normal vector and λ ∈ C 1 (∂Ω 1 ) is the impedance function. These conditions model a penetrable cylinder which does not allow the fields to penetrate deep into the "hole",
The scatterer is illuminated by a time-harmonic transverse magnetic polarized electromagnetic plane wave, the so-called oblique incident wave. The cylindrical symmetry and the homogeneity of the medium reduces the three-dimensional scattering problem (1) -(3) to a two-dimensional problem only for the z−components of the fields, see for instance [11, 21, 26] .
We define by θ ∈ (0, π) the incident angle with respect to the negative z−axis and by φ ∈ [0, 2π] the polar angle of the incident directiond, see the left picture in Figure 1 . Let k 0 = ω √ µ 0 0 be the wave number in Ω ext . We define β = k 0 cos θ, κ Let x = (x, y) ∈ R 2 . Then, the exterior fields (the z−components of E ext , H ext ) defined by e ext (x), h ext (x), for x ∈ Ω 0 and the interior fields e 1 (x), h 1 (x), x ∈ Ω 1 (the z−components of
, satisfy the system of Helmholtz equations
The boundary conditions (2) and (3) can also be rewritten only for the z−components of the fields. Let n = (n 1 , n 2 ) and τ = (−n 2 , n 1 ) be the normal and tangent vector on Γ, respectively. The vector n on Γ j points into Ω j , j = 0, 1. We define
where ∇ is the two-dimensional gradient and we set
Then, the transmission conditions (2) take the form [11] 
and the impedance boundary condition results to [21] µ 1 ω ∂h
The exterior fields are decomposed as e ext = e 0 + e inc and h ext = h 0 + h inc , where e 0 and h 0 is the scattered electric and magnetic field, respectively. The incident wave (E inc , H inc ) reduces similarly to the fields (z−components) [11, 20] 
The scattered fields satisfy also the radiation conditions
where r = |x|, uniformly over all directions.
The solutions e 0 and h 0 of (4) - (8) admit the asymptotic behavior
wherex = x/r. The pair (e ∞ , h ∞ ) is called the far-field pattern of the scattered fields related to the scattering problem (4) - (8) . We can formulate now the direct problem which we consider in this work.
Direct Problem: Given the coefficients λ, 0 , µ 0 , 1 and µ 1 , the boundary curve Γ = Γ 0 ∪ Γ 1 , and the incident field (7), find the interior fields e 1 and h 1 and the scattered fields e 0 and h 0 which satisfy the system of Helmholtz equations (4), the boundary conditions (5) and (6) and the radiation conditions (8).
Remark 2.1 Similar analysis holds also for the case of transverse electric polarized incident wave. The case of normal incidence θ = π/2, resulting to β 1 = β 0 = 0, simplifies even more the scattering problem since it can be written as two decoupled problems for the electric and the magnetic field.
Uniqueness results
In this section we study the well-posedness of the direct problem. We use the integral equation method and we apply the Reisz-Fredholm theory. For the representation of the electric and magnetic (interior and exterior) fields we consider a hybrid method, meaning we combine the direct (Green's formulas) and the indirect (single layer ansatz) methods [15] . We define the
is not a Dirichlet eigenvalue in Ω 1 and the impedance parameter λ is positive, then the direct scattering problem (4) -(8) admits at most one solution.
Proof: It is enough to show that the corresponding homogeneous problem, has only the trivial solution, meaning,
We consider a disk S r with center at the origin, radius r > 0, and boundary Γ r , which contains Ω 1 . We set Ω r = S r \ (Ω 1 ∪ Ω h ).
The transmission conditions on Γ 0 now read
We consider Green's first identity in Ω 1 for the electric fields e 1 and e 1 , together with the Helmholtz equation (4) and the boundary condition (6b), resulting iñ
Similarly, Green's first identity in Ω 1 for the magnetic fields h 1 and h 1 , considering the Helmholtz equation (4) and the boundary condition (6a), gives
Applying Green's first identity in Ω r for the exterior fields and considering the transmission conditions (10d) and (10b), we obtaiñ 0 Γr
andμ 0 Γr
We take the imaginary part of (13), and using (10a) and (11), we have that
Analogously, the imaginary part of (14), considering (10c) and (12), takes the form
If λ > 0, the addition of the above two equations, noting that
The last equation, the radiation conditions (8) as r → ∞ and Rellich's Lemma yield e 0 = h 0 = 0 in Ω 0 [11, 26] . Hence, e 0 = h 0 = 0 on Γ 0 . Using the homogeneous transmission conditions (10a) and (10c) and the assumption on κ 2 1 we get also e 1 = h 1 = 0 in Ω 1 . This completes the proof.
To prove existence of solutions we transform the direct problem to a system of boundary integral equations. We present the fundamental solution of the Helmholtz equation in R 2 , given by
where
is the Hankel function of the first kind and zero order. We introduce the singleand double-layer potentials for a continuous density f, given by
for k, l, j = 0, 1. The single-layer potential S is continuous in R 2 and the their normal and tangential derivatives as x → Γ j satisfy the standard jump relations, see for instance [11] . We define the integral operators
If we consider the direct method, meaning Green's second identity, for representing the interior and exterior electric and magnetic fields we get
for u = e, h. We observe that we have 8 unknown densities (4 for the electric and 4 for the magnetic field) for the interior fields and 4 unknown densities for the exterior fields and only 6 equations (the boundary conditions (5) and (6)). In order to reduce the number of the unknowns, motivated by [15] , we consider a hybrid method, meaning a combination of the indirect and direct methods. We keep the direct method for the exterior fields and we consider a single-layer ansatz (indirect method) for the interior fields. Proof: We search the solutions in the forms:
with
We let x approach the boundaries Γ j , and considering the jump relations of the potentials [8, 9] , we see that the boundary conditions (5) and (6) (18) To simplify the above system, we set
and the system (18) admits the matrix form
2 ) ∈ C 6 , f = e inc , β 0 ∂ τ e inc , 0,˜ 0 ω∂ n e inc , 0, 0 ∈ C 6 , and
The operator C = (C kj ) 1≤k,j≤6 has entries: 
Then, we rewrite (20) as
where I is the identity operator,
∂ n e inc , 0, 0 , and the matrix K = B −1 C has now entries:
and
We define the product spaces:
and using the mapping properties of the integral operators [8, 17] , we see that the operator K : H 1 → H 2 is compact. The last step is to prove uniqueness of solutions. Then, solvability of the system (21) follows from the Fredholm alternative theorem. It is sufficient to show that the operator I + K is injective.
Let φ solve (I + K) φ = 0. Then, the fields (17) solve the problem (4) - (8) with e inc = ∂ n e inc = ∂ τ e inc = 0, on Γ 0 . Hence, by Theorem 3.1 we have e 1 = h 1 = 0, in Ω 1 and e 0 = h 0 = 0, in Ω 0 . Continuity of the single-layer potential implies that e 1 and h 1 solve also
and vanish on Γ 1 . Thus, e 1 = h 1 = 0, in Ω h , if κ 2 1 is not a Dirichlet eigenvalue in Ω h . The jump relation of the normal derivative of the single layer across the boundary Γ 1 , gives ψ e 2 = ψ h 2 = 0, on Γ 1 . We defineẽ (x) = (S 100 ψ e 1 )(x),h(x) = (S 100 ψ h 1 )(x), x ∈ Ω 0 . Again using the continuity of the single-layer potential we getẽ = S 100 ψ e 1 = e 1 = 0, andh = S 100 ψ h 1 = h 1 = 0, on Γ 0 . Sinceẽ andh are also radiating solutions of the Helmholtz equation in Ω 0 , we get e =h = 0, in Ω 0 [8] . Again the jump relation of the normal derivative of the single layer potential across the boundary Γ 0 , results to ψ e 1 = ψ h 1 = 0, on Γ 0 . From (19) we have also ψ e 0 = ψ h 0 = 0, on Γ 0 . Given now the representations (17), the homogeneous transmission conditions (10a) and (10c) and the jump relations of the double-layer potential we obtain the equations
This integral operator is injective if κ 2 0 is not a Dirichlet eigenvalue in R 2 \ Ω 0 . Thus, φ e 0 = φ h 0 = 0, on Γ 0 , and therefore φ = 0 which completes the proof.
Numerical examples
We derive the numerical solution of (21) by a collocation method using trigonometric polynomial approximations [17] . We use quadrature rules to handle the singularities (weak and strong) of the integral operators and the trapezoidal rule for approximating the smooth kernels [18] . For the convergence and error analysis, see [16] . We do not present here the parametrized forms of the integral operators (16) since they can be found in many works, we refer the reader to the books [8, 17] and to [11, Section 4] for a complete list of all forms and special decompositions.
We present two different kind of problems. In the first case, we formulate a problem, as in [11, 26] , whose solutions (the scattered electric and magnetic fields) can be analytically calculated. In this way, we can see that the exponential convergence is achieved. Secondly, we present results for the scattering problem of obliquely incident waves.
We assume that the smooth boundaries admit the following parametrization
where x j : R → R 2 are C 2 -smooth, 2π-periodic and injective in [0, 2π). For the numerical implementation we consider equidistant grid points 
Examples with analytic solution
We construct a problem whose solutions are expressed analytically. Let z 1 , z 2 ∈ Ω 1 and z 3 , z 4 ∈ Ω 0 be four arbitrary points. We define the boundary functions Table 1 . The computed and the exact far-fields of the electric and magnetic scattered fields of the first example.
where r k (x) = x − z k , k = 1, 2, 3, 4. Then, the fields
solve the equations ∆e
with boundary conditions
and e 0 , h 0 satisfy in addition the radiation conditions (8) . As in the proof of Theorem 3.2 we derive a system of the form (21) , where now the right-hand side is given by
Using the asymptotic behavior of the Hankel functions [8] , we can construct the exact and the computed far-field pattern of the scattered fields. We see from (22) that the exact values of the far-field patterns of e 0 and h 0 are given by
where S is the unit circle. The representations (17) , where now the densities solve (21) with g replaced by g f , result in
In the first example, we set the outer boundary curve Γ 0 to be a circle with center (0, 0) and radius 0.5, and the inner Γ 1 is a kite-shaped boundary of the form
We consider the points z 1 = (−0.1, 0.35), z 2 = (0.1, 0.3) ∈ Ω 1 , and z 3 = (−0.3, 0.55), z 4 = (0.15, 0.6) ∈ Ω 0 , see the left picture in Figure 2 . We set ω = 1, λ = 2 and θ = π/3. The parameters are given by ( 0 , µ 0 ) = (1, 1) and ( 1 , µ 1 ) = (3, 2). In Table 1 we present the computed far-field of the electric and magnetic scattered fields at direction t = 0 for increasing number of quadrature points n. The exponential convergence is clearly exhibited, as we see also in Figure 3 where we plot the L 2 norm of the difference between the exact and the computed far-fields in logarithmic scale.
In the second example, both boundaries admit the following parametrization Table 2 . The computed and the exact far-fields of the electric and magnetic scattered fields of the second example.
We consider a peanut-shaped outer boundary with radial function r 0 (t) = 0.5 cos 2 t + 0.1 sin Figure 2 . We set ω = 2 and θ = π/4, and we choose the parameters to be ( 0 , µ 0 ) = (2, 1) and ( 1 , µ 1 ) = (4, 2). Here, the impedance function is given by λ(x 1 (t)) = 1 1 + 0.2 cos t .
The computed far-field of the electric and magnetic scattered fields for increasing number of quadrature points n, and the exact far-fields at direction t = π/4 are given in Table 2 . Their L 2 norm difference is presented in Figure 4 . Again the exponential convergence is guaranteed independently of the different parameters.
Examples with oblique incidence
We consider obliquely incident waves of the form (7) and we vary the polar angle φ, which corresponds to the incident direction (cos φ, sin φ) in two dimensions. We restrict the computation domain to the rectangular domain [−c, c] 2 , where we consider a uniform-space grid of the form x kj = (−c + kδ, −c + jδ), with δ = 2c/(2m − 1), for k, j = 0, ..., 2m − 1. We use m = 128.
In the third example we consider the parametrizations of the first example and we set ω = 6 and θ = π/4, while keeping all the other parameters the same. The values of the norms of the interior and exterior fields are given in Figure 5 for c = 0.8 and φ = π/2.
In the last example we consider the setup of the second example, where now a 1 = (0.25, −0.05). We set ω = 1, and θ = φ = π/6. The parameters are given by ( 0 , µ 0 ) = (1, 1) and ( 1 , µ 1 ) = (6, 4). In Figure 6 we see the results for c = 1. 
Conclusions
We addressed the direct electromagnetic scattering problem for a infinitely long, penetrable and doubly-connected cylinder. The cylinder was placed in a homogeneous dielectric medium and was illuminated by a time-harmonic electromagnetic wave at oblique incidence. We considered transmission conditions on the outer boundary and impedance boundary condition on the inner boundary. We proved the well-posedness of the problem using Green's formulas and the integral representation of the solutions (hybrid method). We presented numerical results which showed the feasibility of the proposed method. 
